A b s t r a c t. The purpose of this study is to explore the day-of-the-week patterns in liquidity on the Warsaw Stock Exchange (WSE) using daily turnover as a liquidity measure. The existence of an inverted U-shape in the stock turnover across the trading days is examined. The research sample covers 2502 daily observations in the period January 2005 -December 2014. 53 WSE-listed companies divided into three size groups are investigated. In the study the OLS method with the HAC covariance matrix estimation and the GARCH-type models are employed. The results indicate that liquidity on the WSE tends to be significantly lower on Mondays and higher on Wednesdays in comparison with the other days of the week. However, the inverted U-shape in daily turnover occurs only among the companies with the largest market capitalization.
Introduction
The day-of-the-week patterns in returns and volatility on stocks and stock market indices rank among the most common seasonality anomalies. There is a growing body of empirical literature on that issue, also for the Polish capital market (see e.g. Fiszeder, 2009 and the references therein). On the contrary, relatively little empirical research has been conducted on the day-of-the-week effects in liquidity on equity markets (e.g. Jain, Joh, 1988; Foster, Viswanathan, 1993; Chordia et al., 2001; Chordia et al., 2005; Hameed et al., 2010; Alrabadi, 2012; Karolyi et al., 2012) .
The goal of this study is to examine day-of-the-week patterns in liquidity on the Warsaw Stock Exchange (WSE) using daily turnover as a liquidity measure. To address this issue, the OLS method with HAC covariance matrix estimator (Newey, West, 1987) and the GARCH-type models are employed. The research covers the sample period January 2005 -December 2014, during which 53 WSE-listed companies divided into three size groups are investigated. An inverted U-shape in the stock turnover across trading days is examined. This effect means that the trading volume tends to be at its lowest on Monday and Friday, while the most active periods are in the middle of the week (Jain, Joh, 1988) .
To the best of the authors' knowledge, the empirical results concerning day-of-the-week effects in liquidity on the WSE are novel and have not been presented in the literature thus far.
The remainder of the study is organized as follows. Section 1 specifies a methodological background and a brief literature review. In Section 2, we present and discuss the empirical results of the day-of-the-week patterns in liquidity on the WSE. Section 3 recalls the main findings and concludes.
Methodological Background

Brief Literature Review
The presence of calendar anomalies has been investigated extensively since the nineteen seventies. The existence of seasonal behavior in returns and volatility has been widely documented in the finance literature. Some of the fundamental and most broadly citied papers are e.g. (Fama, 1965; French, 1980; Gibbons, Hess, 1981; Rogalski, 1984; French, Roll, 1986, etc) . As the aim of this research is to investigate day-of-the-week patterns in liquidity and trading activity, we focus our analysis of previous literature on the studies related mostly to that issue.
Among others, Jain and Joh (1988) studied the trading volume and returns on the New York Stock Exchange (NYSE). They showed significant differences in the trading volume within and across days. The authors provided evidence of an inverted U-shape in volume across days, i.e. Monday and Friday had the lowest volume, and the most active periods were in the middle of the week.
In their theoretical research, Foster and Viswanathan (1990) proposed a model to explain time-dependent patterns in securities trading. They analysed inter-day trading where an informed trader and a subset of the liquidity traders act strategically. In their model, the informed trader receives information each day, but this information becomes less valuable through time, because there is a public announcement of some portion of the private information. The authors predicted a weekend effect in the trading volume and return volatility. They showed that the trading volume should be lower on Monday than Tuesday, and the trading costs are highest on Monday. In another study, Foster and Viswanathan (1993) introduced empirical tests to document changes in the trading volume within and between days. They tested the null hypothesis that the trading volume is uniform through time. For the interday case, the authors used daily turnover as a measure of trading activity. They found that the Monday trading volume is significantly lower than the Tuesday and Wednesday trading volume for the most actively traded firms. These findings were consistent with the predictions of the FosterViswanathan (1990) theoretical model. Foerster and Keim (1993) explored the frequency of non-trading for NYSE and AMEX stocks, in the sample period [1973] [1974] [1975] [1976] [1977] [1978] [1979] [1980] [1981] [1982] [1983] [1984] [1985] [1986] [1987] [1988] [1989] [1990] . Among other results, they found an interesting day-of-the-week pattern: non-trading increased monotonically through the week. Chordia et al. (2001) documented strong day-of-the-week effects in trading activity for the U.S. stock market. They found that Fridays accompanied a significant decrease in trading activity and liquidity, while Tuesdays displayed the opposite pattern. In another paper, Chordia et al. (2005) investigated the U.S. stock and bond markets and they found distinct seasonal patterns in stock and bond liquidities. Both stock and bond market liquidities were higher at the beginning of the week compared with Friday. Hameed et al. (2010) used bid/ask spread as a measure of liquidity. They regressed the quoted spread of the stocks on a set of variables known to capture seasonal variation in liquidity. The estimated parameters showed calendar effects in the liquidity measure.
Alrabadi (2012) investigated day-of-the-week regularities on the Amman Stock Exchange (ASE). The author confirmed the significant seasonal patterns in aggregate market liquidity on the ASE but, in contrast to the U.S. evidence of Chordia et al. (2001) , trading activity reached its minimum in the middle of the week and was significantly higher on Thursdays. Probably, the contradictory results arose from the nature of the ASE as an emerging market.
Examining commonality in liquidity around the world, Karolyi et al. (2012) followed the approach taken by Hameed et al. (2010) and they measured whether fluctuations in liquidity of individual stocks are correlated within a country. The authors employed the model with day-of-the-week dummies and ran regressions for each stock using two different liquidity measures. The residuals of these regressions were treated as the daily innovations in liquidity and they were subsequently used as the endogenous variables in the monthly regressions. Their coefficients of determination were regarded as the measures of commonality in liquidity of individual stocks.
Measuring of Liquidity
As Lesmond (2005) emphasized, liquidity, by its very nature, is difficult to define and even more difficult to estimate. Given the uncertainty surrounding liquidity estimation, some measures are especially often advocated in the literature to provide empirical research in liquidity/illiquidity effects (e.g. Olbryś, 2014a; 2014b) . The popular measures of trading activity, i.e. volume, dollar trading volume, and share or market turnover are among them. The raw trading volume is the number of shares traded. The stock turnover is defined as the ratio of the number of shares traded in a day to the number of shares outstanding at the end of the day. It is worthwhile to note that using turnover disentangles the effect of firm size from the trading volume.
In this research, we compute daily turnover as a measure of liquidity for stock i on day d: NSO , is the number of shares outstanding at the beginning of the quarter for stock i on day d.
Econometric Analysis of Day-of-the-Week Effects
Many studies investigating day-of-the-week effects employ the standard OLS methodology by regressing an endogenous variable on daily dummy variables. However, using that methodology has two disadvantages. Firstly, errors in the model may be autocorrelated resulting in misleading inferences.
Secondly, error variances may not be constant over time (Kiymaz, Berument, 2003) . Hamilton (2008) stresses that even if the researcher's primary interest is in estimating the conditional mean, having a correct description of the conditional variance can still be quite important. By incorporating the observed features of the heteroskedasticity into the estimation of the conditional mean, substantially more efficient estimates of the conditional mean can be obtained.
To account for daily seasonality, dummy variables are incorporated into the model. In order to avoid the dummy variable trap (Foster, Viswanathan, 1993) , one selected dummy is always excluded from the regression. As the main aim of the research is to examine an inverted U-shape in the stock turnover on the WSE, three different versions of the model are employed. The first version excludes the dummy variable for Monday, the second for Wednesday, and the third for Friday.
Finally, for each stock, daily turnover (1) on day t is composed of a fixed effect for Monday (Wednesday, Friday) ( 0 a ), an inter-day adjustment for days other than Monday (Wednesday, Friday), and an idiosyncratic error term with zero expected value ( t ε ).
The model describing the effect for Monday is given as follows: are the corresponding coefficients.
The respective models for Wednesday and Friday effects are also considered 1 . The values of the coefficients of the dummy variables are central to test for inter-day variations in daily turnover. We initially estimate day-of-the-1 In the first version of the research in order to address the autocorrelation problem the lagged values of the variable t T were included as the explanatory variables in the model (2). In order to capture a one week delay, the lag equal to 5 was considered. However, employing AR part in formula (2) did not substantially improve the values of the Lagrange Multiplier statistics of the Breusch-Godfrey test for autocorrelation of order 5 -the hypothesis of no autocorrelation was continually rejected. The OLS estimator was therefore inconsistent.
week effects in Eq. (2) by using the OLS method and the robust HAC estimates 2 . However, the Newey-West corrections may not fully correct for the influence problems introduced by the ARCH effect. For this reason, the estimation of the day-of-the-week effect model as a GARCH-type model is appropriate for this study. To test for the ARCH effect, the test of Engle (1982) with the Lagrange Multiplier (LM) statistic is employed.
In order to test the presence of seasonality anomalies in stock returns, volatility or liquidity, various versions of GARCH-type models (Bollerslev, 1986 ) have been applied in the literature (e.g. Choudhry, 2000; Franses, Paap, 2000; Berument, Kiymaz, 2001; Kiymaz, Berument, 2003; Apolinario et al., 2006; Žikeš, Bubák, 2006; Alrabadi, 2012) . In this research, the GARCH(p, q) model is utilised. According to the literature, the lower order GARCH(p, q), p, q = 1, 2, models are used in most applications (Tsay, 2010) . The GARCH(p, q) models are usually compared and selected by the Akaike (AIC) and Schwarz (SC) information criteria 3 . The GARCH(p, q) model, with the excluded Monday dummy variable, is given by Eq. (3): Similarly, the GARCH(p, q) model with excluded dummy variable for either Wednesday or Friday could be written respectively.
The parameters of GARCH(p, q) models are almost invariably estimated via Maximum Likelihood (ML) or Quasi-Maximum Likelihood (QML) (Bollerslev, Wooldridge, 1992) methods 4 .
Empirical Results on the Warsaw Stock Exchange
In this research, a database containing data for the WSE-listed stocks for the period from January 2, 2005 to December 30, 2014 was utilised. When forming the database, we included only those securities which existed on the WSE for the whole sample period since December 31, 2004, and were not suspended. The stock daily trading volumes (in items) were obtained from the website http://www.gpwinfostrefa.pl. The data of the number of shares outstanding are coming from the Notoria Serwis. All companies entered into the database (147) were sorted according to their market capitalization at the end of each year. Next, the stocks were divided into three size groups based on the breakpoints for the bottom 30% (SMALL -44 companies), middle 40% (MEDIUM -59 companies) and top 30% (BIG -44 companies) (e.g. Fama, French, 1993) . The companies that remained in the same group during the period investigated were selected. Finally, the 53 WSE companies were entered into separate, representative groups, specifically: 8 firms into the SMALL group, 18 firms into the MEDIUM group and 27 firms into the BIG group (Nowak, Olbryś, 2015) . We computed daily turnover d i T , given by Eq. (1), providing 2,502 observations for each company. To avoid numerical problems, the data were rescaled by multiplying by 10 4 (Lucchetti, Balietti, 2014) . All calculations were done using Gretl 1.10.1 software (Adkins, 2014) .
First we detected stationarity of the analysed daily turnover series for 53 stocks included in the size groups. We employed the ADF-GLS test (Elliott et al., 1996) and we proved that the unit-root hypothesis can be rejected for all series at 5 per cent significance level.
Second, in order to carry out an initial assessment of the existence of an inverted U-shape in the stock turnover on the WSE, the graphs showing the average level of the stock turnover on each day of the week were created. On such basis we noticed the occurrence of an inverted U-shape in the turnover across the majority of the analysed big companies. Their level of turnover turned out to be the lowest on Mondays, increasing on Tuesdays and the highest on Wednesdays. However, it subsequently decreased on Thursdays and finally achieved on Fridays the level close to the level of Mondays. It is pertinent to mention that the inverted U rarely for the medium and small companies. average daily turnover BOS, BPH, KGH, KTY, LPP, NET, OPL, PKN. highest on Wednesdays. However, it subsequently decreased on Thursdays and finally achieved on Fridays the level close to the level of Mondays. It is pertinent to mention that the inverted U-shape in the turnover occurred very rarely for the medium and small companies. In Figure 1 , one can observe the average daily turnover of the nine selected big companies, namely BDX, BOS, BPH, KGH, KTY, LPP, NET, OPL, PKN.
An inverted U-shape in the average daily turnover of selected WSE step, we employed the OLS method to estimate the ersions of the model (2), excluding the dummy variable f Monday, Wednesday and Friday, respectively. In total, 159 models were comprising 81 models for BIG, 54 for MEDIUM and companies. Due to the existence of five order serial autocorrelation highest on Wednesdays. However, it subsequently decreased on Thursdays and finally achieved on Fridays the level close to the level of Mondays. It is shape in the turnover occurred very one can observe the of the nine selected big companies, namely BDX, turnover of selected WSE-stocks employed the OLS method to estimate the paramethe dummy variable for respectively. In total, 159 models were and 24 for der serial autocorrelation and -in some cases -also the heteroscedasticity of residuals, the NeweyWest covariance matrix estimator (1987) was employed.
The results of the model (2) estimation with the Monday dummy variable excluded are presented in Tables 2 -3 in Appendix 5 . In the case of 35 'without Monday' models (comprising 16 models for big, 11 for medium and 8 for small companies), the ARCH effect in residuals was detected. Therefore, for those 35 companies the GARCH (p, q), p, q = 1, 2, models were estimated. The number of lags p, q was selected on the basis of the Akaike (AIC) and Schwarz (SC) information criteria. The results of the estimation of the 'without Monday' model (3) are reported in Tables 4 -6 in Appendix 6 . Table 1 presents a brief summary of the major day-of-the-week effects in daily turnover on the WSE. The obtained estimation results of the models (2) and (3) led to the conclusion that the 'Monday effect' was the most frequently present in the stock turnover time series. In the case of 24 big and 3 medium firms, the level of daily turnover was statistically significantly lower on Mondays than on the other days of the week 7 . The 'Wednesday effect' (recognized in those cases when the level of daily turnover was statistically significantly higher on 5 The estimation results of the models with Wednesday and Friday dummies excluded are available upon request.
6 See footnote 3. 7 At the 5 per cent level.
Wednesdays in comparison with Mondays and/or the other days of the week) occurred in the case of 19 big companies. The findings of the 'Friday effect' existence were ambiguous. The results mentioned above justify the preliminary conclusions from analysing the graphs, where a pronounced 'Monday effect' accompanied by a weaker 'Wednesday effect' were detected. Besides, both effects occurred more often in the case of big companies.
Continuing the analysis of the model (2) estimation results, we observed the presence of the so-called 'partial inverted U-shape' in daily turnover related to the presence of the Monday and Wednesday effect, but not the Friday effect, in the case of 19 out of 27 big firms (namely BPH, BOS, BDX, BHW, BZW, GTC, GTN, ING, KGH, KTY, LPP, MBK, MIL, NET, OPL, PEO, PKN, PKO, TVN). For these companies, the level of daily turnover turned out to be either statistically significantly lower on Mondays than on Wednesdays and/or the other days of the week, or statistically significantly higher on Wednesdays than on Mondays. Moreover, on the basis of the model (3) estimation, we found the 'partial inverted U-shape' in daily turnover for 14 companies, including 11 big (BPH, GTC, ING, KGH, MBK, MIL, NET, OPL, PEO, PKN, PKO), 2 medium (MNI, STX) and 1 small firm (MZA).
Furthermore, we did not confirm the occurrence of the 'full inverted U-shape' in daily turnover of the companies analysed, since in the majority of the cases the level on Friday turnover was not statistically significantly lower than on the other days of the week. For 17 big companies (BHW, BZW, ECH, GTC, GTN, ING, KGH, KTY, LPP, MBK, MIL, NET, OPL, PEO, PKN, PKO, TVN) the level of turnover on Fridays was statistically significantly higher compared with the level on Mondays. Only for 2 big companies (BPH and OPL) the daily turnover level turned out to be statistically significantly lower on Fridays in comparison with Wednesdays.
Barely for 2 companies (BPH and MIL) we can venture the conclusion of the existence of the 'full inverted U-shape' in daily turnover (involving Monday, Wednesday and Friday effect at the same time). In the case of the BPH company, on the basis of the model (2) estimation, we noted that the turnover was simultaneously: (i) statistically significantly lower on Mondays compared with Tuesdays, Wednesdays and Thursdays; (ii) statistically significantly higher on Wednesdays compared with Mondays, Thursdays and Fridays; (iii) statistically significantly lower on Fridays compared with Tuesdays and Wednesdays. Those findings were only partially confirmed by the results of the estimation of the model (3), which showed rather the existence of the 'partial inverted U-shape' in daily turnover of the BPH. Con-versely, in the case of the MIL company, the results of the model (2) estimation proved the occurrence of the 'partial inverted U-shape', whereas the results of model (3) estimation -the existence of the 'full inverted U-shape' in the stock turnover.
Conclusions
The main goal of this paper was to explore and to document day-of-theweek effects in liquidity on the WSE, using daily turnover as a liquidity measure. To address this issue, we employed the OLS method with the HAC covariance matrix estimation and the GARCH-type models. To account for daily seasonality in the turnover, dummy variables were incorporated into the models. We investigated 53 WSE-listed stocks from three size groups. Our research provided evidence for pronounced Monday and Wednesday effects in daily turnover on the WSE, especially in the BIG group. Furthermore, we observed the so-called 'partial inverted U-shape' in daily turnover in the case of 22 out of 53 firms. Moreover, the graphs showing the average daily stock turnover on each day of the week were created and they revealed an inverted U-shape in some cases.
Although relatively little empirical research has been conducted on the day-of-the-week effects in liquidity on stock markets in the world, our findings are rather consistent with the existing literature. In light of our empirical results, it seems that the trading volume on the WSE is usually the lowest on Mondays, but the most active periods are in the middle of the week. From an investor's point of view it is important that these findings are also in accordance with the investor's intuition.
It is worth stressing that our study situates itself in the broad strand of literature concerning commonality in liquidity, which is nowadays the centre of attention of many empirical research papers (e.g. Olbryś, 2014a; 2014b; Karolyi et al., 2012) . Given the importance of the topic, one of the possible directions for further investigation could be to examine day-of-the-week patterns in liquidity on the WSE following the methodology proposed by Franses and Paap (2000) or Žikeš and Bubák (2006) . The former authors employ the PAR-PGARCH model to investigate the seasonality in the S&P 500 index, while the latter use the same model to explore daily returns on the Central European stock markets.
Analiza efektu dnia tygodnia w płynności spółek notowanych na Giełdzie Papierów Wartościowych w Warszawie S.A.
Z a r y s t r e ś c i. Celem artykułu jest analiza występowania efektu dnia tygodnia w płynno-ści spółek notowanych na Giełdzie Papierów Wartościowych w Warszawie S.A., z wykorzystaniem dziennych wartości względnego wolumenu jako miary płynności. Badaniu poddano w szczególności występowanie tzw. efektu odwróconego U w dziennym względnym wolumenie 53 spółek, z podziałem na grupy według wartości rynkowej, w okresie od stycznia 2005 r. do grudnia 2014 r. W badaniu wykorzystano modele OLS-HAC oraz GARCH. Na podstawie uzyskanych wyników stwierdzono, że dzienny względny wolumen na giełdzie warszawskiej jest generalnie istotnie niższy w poniedziałki (tzw. efekt poniedziałku) oraz istotnie wyższy w środy (tzw. efekt środy) w porównaniu do pozostałych dni tygodnia. Ponadto zaobserwowano, że częściowy efekt odwróconego U występuje głównie w dziennym względnym wolumenie spółek o największej kapitalizacji. Efekt ten oznacza jednoczesną obecność efektów poniedziałku i środy, przy braku tzw. efektu piątku, czyli spadku dziennego względnego wolumenu w piątek do poziomu z początku tygodnia.
S ł o w a k l u c z o w e: mikrostruktura rynku, efekt dnia tygodnia, płynność, względny wolumen, HAC, GARCH, Giełda Papierów Wartościowych w Warszawie S. -the estimates of the model (2) coefficients using the OLS method with the HAC covariance matrix estimator (Newey, West, 1987) (Bollerslev, Wooldridge, 1992) ; the distribution for the innovations is supposed to be normal; ** (***, *) -indicates statistical significance at 5 per cent (1 per cent, 10 per cent) significance level. Note: See Table 4 for explanation. Note: See Table 4 for explanation. 
